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An Algebra of Hybrid SystemsKinds of SystemsTransformational Systems Reative Systemsdetermine a funtion interat with environmentReal{Time Systemshave to produe results within a er-tain amount of timeHybrid Systemsdisrete and ontinuous dynamissoure: University of Oldenburgless than 1% of all proessors are in PCs;more than 98% are ontrollers of hybrid systemsThe University of Queensland, August 2008 {3{ Peter H�ofner



An Algebra of Hybrid SystemsHybrid Automata� most ommon representation type for hybrid systems� widely popular for designing and modelling� similar to �nite state mahines� states desribe ontinuous dynamis� edges desribe disrete behavioursExampleGas Burner:
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An Algebra of Hybrid SystemsHybrid Automata(Dis-)Advantages� easy to onstrut/understand� growing fast and beoming unreadable� nearly impossible to hek liveness or safety(only done partly for a small lass of hybrid systems)� nearly no software-tools availableQuestion/Ideais there a relation to an algebra like the relationship between �nitestatemahines, regular languages and Kleene algebra
The University of Queensland, August 2008 {5{ Peter H�ofner
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An Algebra of Hybrid SystemsTowards an Algebra of Hybrid SystemsQuestions� what are possible elements� how to desribe disrete and ontinuous behaviour� how to desribe in�nity(interation on an on-going, nearly never-ending basis)� how to ompose elements� how to hoose between elementsPossible Answers� elements are trajetories� ontinuous behaviour is desribed by the ow funtions� disrete behaviours are e.g. jumps in the funtion� algebra is based on sets of trajetories� weak Kleene algebra allows modelling in�nite elementsThe University of Queensland, August 2008 {6{ Peter H�ofner



An Algebra of Hybrid SystemsTrajetoriesDe�nitiona trajetory t is a pair (d; g), where d 2 D is the duration andg : [0; d℄! V or g : [0;1)! Vthe image of [0; d℄ ([0;1)) under g is its range ran(d; g)
ran(d; g) � V0 dD has to ful�l some propertiesThe University of Queensland, August 2008 {7{ Peter H�ofner



An Algebra of Hybrid SystemsComposition of Trajetories(d1; g1) � (d2; g2) =df 8<: (d1 + d2; g) if d1 6=1^ g1(d1) = g2(0)(d1; g1) if d1 =1unde�ned otherwisewith g(x) = g1(x) for all x 2 [0; d1℄ and g(x+ d1) = g2(x) for all x 2 [0; d2℄ orx 2 [0;1)
0 d1 d1 + d2The University of Queensland, August 2008 {8{ Peter H�ofner
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An Algebra of Hybrid SystemsGetting Algebraithe algebrai model of regular events is Kleene algebraDe�nitiona Kleene algebra is a tuple (K;+; 0; �; 1;� ) with� (K;+; 0) idempotent ommutative monoid� (K; �; 1) monoid� multipliation is distributive� 0 is an annihilator, 0 � a = 0 = a � 0� � satis�es unfold and indution axioms+ $ hoie� $ sequential omposition� $ �nite iteration0 $ abort1 $ skipThe University of Queensland, August 2008 {10{ Peter H�ofner



An Algebra of Hybrid SystemsChoie, Composition and Neutral Elements� hoie between trajetories is realised by set union over sets of trajetories(also alled proesses)� the empty set is neutral element� omposition is lifted pointwise to proessesA �B =df fa � b j a 2 A; b 2 Bg� the set of all trajetories with duration 0 (denoted by 1l) is the neutralelementthe algebra of hybrid systems (P(TRA);[; ;; �; 1l;� ) is nearly a Kleene algebra(TRA is the set of all trajetories)
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An Algebra of Hybrid SystemsChoie, Composition and Neutral Elements� hoie between trajetories is realised by set union over sets of trajetories(also alled proesses)� the empty set is neutral element� omposition is lifted pointwise to proessesA �B =df fa � b j a 2 A; b 2 Bg� the set of all trajetories with duration 0 (denoted by 1l) is the neutralelementthe algebra of hybrid systems (P(TRA);[; ;; �; 1l;� ) is nearly a Kleene algebra(TRA is the set of all trajetories)But A � ; 6= ;The University of Queensland, August 2008 {11{ Peter H�ofner



An Algebra of Hybrid SystemsWeak Kleene AlgebraDe�nitiona weak Kleene algebra is a Kleene algebra where 0 is only left annihilator(0 � a = 0)Remark� relaxation allows to have in�nite elements [M�oller04℄inf a = a � 0 �n a = a� inf a� weak Kleene algebra behaves nearly like Kleene algebra� adding in�nite iteration yields weak omega algebra [Cohen00℄� adding tests to model assertions and guards [Kozen97℄� adding domain/odomain [DesharnaisM�ollerStruth03/M�oller04℄� in some situations one even needs no right-distributivity law� weak Kleene algebra generalises prediate transformers[vonWright02,Meinike08℄The University of Queensland, August 2008 {12{ Peter H�ofner



An Algebra of Hybrid SystemsRemarks on the Algebra of Hybrid Systems
� similarities to funtion spaes (linear algebra)� if D = f0; 1g then the algebra of hybrid systems is equivalent to relations� jumps at omposition points possible� restrited form of ompositionA_B = (�nA) �Bthe seond trajetory is reahed� an be endowed with tests and domain funtions.
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An Algebra of Hybrid SystemsSafety and LivenessSafety: \something bad will never happen" [Lamport77℄� onservative in the sense of avoiding bad states� e.g. do nothing� something is true foreverLiveness: \something good will eventually happen" [Lamport77℄� progressive in the sense of reahing good statesor the system will never stop
The University of Queensland, August 2008 {14{ Peter H�ofner



An Algebra of Hybrid SystemsAlgebrai Safety and LivenessExamples for Range-Restrition Operators� P will be reahed �P =df F � P � >set of all trajetories, where the range is within P at some point� P is guaranteed �P =df �:Pset of all trajetories, where the range is omplete in Pneeds omplementation on underlying struture> is the set of all trajetories;F is the set of all �nite trajetories;P is a set of trajetories without duration.The University of Queensland, August 2008 {15{ Peter H�ofner



An Algebra of Hybrid SystemsBasi Properties
� �P u A �B = (�P uA) � (�P u B)� �P u A � B = (�P uA) �B + �nA � (�P uB)� (�P ) � (�P ) = �P
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An Algebra of Hybrid SystemsOverview of our work
� What we have done� What we do� What we will do

The University of Queensland, August 2008 {17{ Peter H�ofner



An Algebra of Hybrid SystemsWhat we have done
� build an algebra of hybrid systems� show basi properties� desribe and use the Duration Calulus [RavnHoareZhou91℄in an algebrai setting� haraterise di�erent useful modal operators in the setting,inluding the one of vonKarger, Sintzo�, : : :� use of theorem provers (Prover9) [H�ofnerStruth07, H�ofner08℄
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An Algebra of Hybrid Systems(Dis)Advantages of What we have done
� reate a \uniform" basis� algebrai strutures like Kleene algebra are well known� algebra allows easy alulations� but sometimes domain-knowledge is needed� not easy to understand (espeially for non-omputer sientists)� aid of omputer is feasible
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An Algebra of Hybrid SystemsWhat we do� adapt logis to hybrid systemsthere are algebrai versions of{ Hoare Logi [Kozen97,M�ollerStruth06℄{ LTL [DesharnaisM�ollerStruth04℄{ CTL and CTL� [M�ollerH�ofnerStruth06℄{ Neighbourhood Logi of Zhou and Hansen [H�ofner06℄due to the algebrai versions whih also use Kleene algebra, it should bepossible� there are notions of dynami systems in relation algebra[SolloFranoMana06℄an this be adopted/generalised to our framework?� handle Zeno E�ets
The University of Queensland, August 2008 {20{ Peter H�ofner



An Algebra of Hybrid Systems(Dis)Advantages of What we do
� knowlegde transferin CTL, CTL� there are notions of liveness, safety, : : :� use of standard terminology� support of omputers
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An Algebra of Hybrid SystemsWhat we will do
� handle Zeno E�ets� bring game theory into play(�rst steps done in [Sintzo�04℄)� add probabilisti [MeinikeHayes08℄
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An Algebra of Hybrid Systems
Thank you If you are faed by a diÆulty or a ontroversy in siene,an oune of algebra is worth a ton of verbal argument.J.B.S. Haldane
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